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! Abstract 

^" ' The famous mean motion problem which goes back to Lagrange as 

\^ ■ follows: to prove that any exponential polynomial with exponents on 

r~| ! the imaginary axis has an average speed for the amplitude, whenever 

"t^ I the variable moves along a horizontal line. It was completely proved 

^ ■ by B. Jessen and H. Tornehave in Acta Math. 77, 1945. Here we give 

I— I, its multidimensional version. 

CN ■ 

^ ■ 2000 Mathematics Subject Classification: Primary 32A05, Secondary 30B50, 

^^ ! 32A60 

r-^ I Keywords: exponential polynomial, Lagrange's conjecture, mean motion 

t;;}^ . Consider an exponential polynomial 

o; 

OO . N 

p. ; f{z) = J2cje'^'", c, e C, A,- e R. (1) 

\-i I J.L. Lagrange [11] assumes that for each fixed y eM. there exist the limits 



c^ 



c (y) = ^ lim -, — 2 

P-a^QO p — a 

and 

c {y)= hm — . (3) 

/3-a^oo P — a 

Here arg"*" f{x + iy) and arg~ f{x + iy) are branches of arg /(x + iy), which 
are continuous in x on every interval without zeros of P and have the jumps 



—pix and +p7r, respectively, at zeros of multiplicity p, A^^^^^ are increments 
of the functions arg^ f{.x + iy) on (a, [3). 

J.L. Lagrange proves his conjecture when the absolute value of one of the 
coefficients in ([1]) is greater than the sum of the absolute values of the other 
coefficients. Moreover, if this is the case, then 

axg^ f{x + iy) = c^x + 0{l), arg^ /(x + iy) = c~x + 0(l) (x ^ cxo), (4) 

besides, the mean motions c^iy) and c~(?/) are equal. He also notes that in 
the case N = 2 with arbitrary terms in ([T]), the equalities (jl]) hold as well, 
but c"*" and c~ may be different (for example, in the case f{z) = sin 2;). 

Note that (j4]) is false for sums ([1]) in the case N > 2 (see F. Bernstein 
[2]). On the other hand, H.Bohr in [1] proves (j4]) with c"*" = c~ for almost 
periodic functions / on M under the condition 

\f\>K> 0. (5) 

Moreover, he shows that in this case the term 0(1) in (j4]) is an almost 
periodic function as well. Then B. Jessen [7] proves that for holomorphic 
almost periodic functions in a strip {z = x + iy : a < y < b} limits ([2]) and 
Q exist for all y G (a, b) outside of a countable set. Moreover, he establishes 
a connection of mean motions with distributions of zeros of /. 

Lagrange's Conjecture for exponential polynomials is proved by H. Weil 
[T7] in the case of linearly independent Ai, . . . , Aat over Z, and by B. Jessen 
and H. Tornehave [S] in the general case (see the detailed history in the 
introduction to P). Also, they prove that the equality c~^{y) = c~{y) for 
exponential polynomials remains true for all y G M outside of a discrete set 
without finite limit points. 

Bohr's result holds true in the multidimensional case: for any almost 
periodic function in MP with condition i^ we have 

f{x) =exp{i(c,x) + gix)}, 

where g is almost periodic in x G W, c is a vector from MP (L.Ronkin [14]). 
In [13j, [3j, and [3] one can find various relations between mean motions and 
distribution of zero sets for holomorphic almost periodic functions in tube 
domains. 

Nevertheless, I don't know papers about Lagrange's conjecture for expo- 
nential polynomials in several variables, although there are a lot of papers 



devoted to properties of such polynomials (see, for example, [S], P, PU] , 
[T2j). The result of the present paper solves Lagrange's problem in arbitrary 
dimension. 

Notations. For x = {xi, . . . , Xp) G W put 'x = {x2, ■ ■ ■ , Xp), for z = 
{zi,...,Zp) G C^ put z = X + iy, x,y E W. By {x, y) or {z, w) denote 
the scalar product for vectors from MP or the Hermitian scalar product for 
z,w E C^, \a\ means the Euclidean norm of the vector a in C^ or in M^. Also, 
by rrid denote the Lebesgue measure inW^,d=l,2,.... 

In the sequel we will use the following well known resulto. 

Proposition. For any analytic set M in Q G C^ and any hyperplane L = 
{z = X + iy E C^ : y = ?/°} we have ma{M fl L) = 0. 

Theorem. For each exponential polynomial 

s 
P{z) = Y,cje'^''''\ cj G C, A^- G W, X^ ^ X^'forj ^ f . 

and each y eMP, there exist the limits 

lim TT(/^i~"i)" / Ac,i<^.i</3iarg+P(a; + i?/)rf'a; 

and 

mmj(/3j-aj)^oo _^^^.-^^ Jn(P-l)( 'a, '/3) 

Here a, (3 e W, a^ < (3jWj, and U^P'^^'a,' /3) = {'x G W'^ : Oj < Xj < 
Pj,j = 2, ...,p}. 

Similar to the one- dimensional case, the proof of the Theorem is based 
on the following lemma. 



^It can be proved easily by induction in d. Also, see [15], Ch.2, §2. 



Lemma 1 (for p = 1 see [I5])- Suppose g{u), u = {ui, . . . ,un), is a 2-n- 
periodic function in each variable Ui, . . . ,uiy, and fi^, . . . , n^ G W are lin- 
early independent over Z. If g{u) is integrahle in the sense of Riemann on 
[0, 27r]^, then the limit 

lim \{{^-a,)-' I gi{fi\x),...,{i,'',x))dx (6) 

exists and equals the average Nig of the function g{u) over the cube [0, 27r]^. 

Proof. The proof of the Lemma is the same as in the one-dimensional case. 
We may assume that g is a. real-valued function. li g is a trigonometric 
polynomial of the form 

J2 he'^'^'^K (7) 

then its average equals the coefficient Bq. Since fci/i^ + . . . + k^jJ'^ = only 
for the case k = {ki, . . . , k^) = 0, we see that (jH]) equals bo as well. 

Furthermore, an arbitrary continuous 27r-periodic in each variable func- 
tion g can be uniformly approximated by polynomials ([7]), hence we obtain 
the conclusion of the Lemma in this case too. 

Finally, for any integrable in the sense of Riemann function g and any 
6 > there are continuous 27r-periodic in each variable functions ge{u) < g{u) 
and g^{u) > g{u) such that 

M^f*^ < M^f + £, M^fe >Mg-e. 

Then we get 



limsup \\{.l3j-aj)^j g{{fi^,x), . . . ,{fi^ ,x)) dmp{x) <Mg'^, 

liminf TT(/^j ~ '^j)~^ / 5'((/^"^;3;), . . . , (/i^,x)) dnip{x) > M(7e. 

Since e is arbitrary small, we obtain the assertion of the Lemma. 
We also need the following simple assertion. 



Lemma 2. For any real numbers 71, . . . , 7„ there is a constant C < 00 such 
that the number of zeros in the segment [—1, 1] of an arbitrary exponential 
polynomial g{s) ^ of the form 

n 
k=l 

does not exceed C . 

Proof of the Lemma. Collecting similar terms, rewrite q{s) in the form 

n' 

q{s) = Y.a',e^^'^% i^^i, for k^l. 

k=\ 

We may suppose ^^ |a'^| = 1. The functions e^'^^'^ are linearly independent 
over C. Hence, if at least one of the coefficient a'^ does not vanish, then 
g[s) ^ 0. Using Hurwitz' theorem, we obtain an easy proof of the Lemma 
by contradiction. 

Proof of the Theorem. 

Let /i^, . . . , /i^ be a basis of the group Lin^jA^ . . . , A'^}. Therefore, 

N 

\3 = Y^ krjfi'', Kj G Z, l<j<S,l<r<N. 

r=\ 

Set for w = {wi, . . . , Wjy) G C^ 

S N 

F{z, w) = y^ Cj exp{i{z, A-') + i >^ krjWr}. 

j=l r=l 

The function F{z, u), u E M^, is 27r-periodic in each variable -Ui, . . . , uj^ and 
F(t + ii/, (/,x),...,(/i^,x)) = P(x + ii/ + t) VtGM^. (8) 

Fix y = i/(°) G W. Note that the set 

M = {weC^ : F{zi,i'y^'^\w) = V^i G C} 
= {w G C^ : = F{0,i'y^''\w) = F'JO,i'y'^^\w) = F'J^{0,t'y'^^\w) = . . .} 
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is closed and analytic in C^, therefore, by the Proposition, ?7i7v(MnR^) = 0. 
Consider the functions 

/+(m) = A_i/2<.,<i/2arg+F(xi +^i/i°\z'2/(°U). 

and 

r{u) = A_i/2<a;i<i/2arg"F(a;i + iy'f\ i' y^°\ u) . 

We will suppose that I+{u) = I-{u) = if u E M nR^ . 

Let us prove that these functions are uniformly bounded and continuous 
almost everywhere in m G [0, 27r]^. 

If F(xi + iyP,i'y^°\u'-°^) ^ for all xi G [-1/2, 1/2], then the func- 
tion F^{xi + iyi ,i'y^^\u)/F{xi + iyl ,i'y^^\ u) is continuous and uniformly 
bounded in a; G [—1/2, 1/2] and u belonging to a neighborhood of «'-''•*. Hence 
the functions I'^iu) and I~{u) are equal, uniformly bounded and continuous 
in this neighborhood. 

Suppose that m(°) ^ M n M^ and F{x^l^ + iyf\ i'y^^\ m(°)) = at a point 
x\ G [—1/2, 1/2]. Since F(zi, z'y*^°\ n^^^) ^ 0, we can use the Weierstrass 
Preparation Theorem (see, for example, [6]). Hence there are e > 0, 5 > 0, 
and pseudopolynomial 

P^{z^,i'y^'\w) = {z^-x^^^-iyf^r + a,{w){z,-x^^-iyf^r-' + ... + ar{w) 

(9) 
with holomorphic in the ball {w : |w — n'-^-'l < e} coefficients cij{w) such that 

a,(M(°))=0, j = l,...,r, (10) 

and 

F(^i,^V°),«;) = Pi(;2i,^V°),«;)Fi(^i,2V0),w;), F^{z^,i'y'^''\w) ^ 

in the set {(-Zi, w) : \w — u''^^\ < e, \z\ — x\ — iy\ \ < 6}. 

Note that for a sufficiently small e each zero of Pi{zi,i'y'^'^\w) belongs to 
the disc \zi — x[ — iy[ \ < 5 . Hence the function Fi = F/ Pi is holomorphic 
in the set {(2:1, w) : zi E C, \w — m^°^| < e}. 

Let x\ be another point of the segment [—1/2, 1/2] such that F{x\ + 
iyl ,i'y^^\u^^^) = 0. Using the Weierstrass Preparation Theorem for 
Fi{zi,i'y'^^\w) in a neighborhood of the point {x[ + iy\ , m*^°^), we get 

Fi{zi,z'y^'\w) = P2{zut'y^'\w)F2{zi,i'y^'>\w). 



Here P2{zi,i'y^^\w) has the form ([9]) with Xi instead of Xi , the function 
F2{zi,i'y^^\w) is holomorphic in the set {{zi,w) : Zi E C, \w — u^^^\ < e} 
and has not zeros in the set {{zi,w) : \w — -u*^"^! < e, \zi — x\ — iyl \ < 6}. 
Continuing in the same way, we get the representation 

F{z,, i'y^^\ w) = P,{z,, i'y^^\ w) ■ . . . ■ Ps{z,, t'y^^\ w)G{z,, t'y^^\ w), (11) 

where the pseudopolynomials Pj have form ^ with various points Xi G 
[—1/2, 1/2] instead oix\ , their coefficients satisfy fITOl) . and the holomorphic 
function G{zi^ i'y^'^\w) does not vanish in a neighborhood of the set {(2:1, w) : 
xi G [—1/2,1/2], yi = yl , w = m*^°)}. Since each pseudopolynomial Pj is 
a product of irreducible pseudopolynomials of form (Q with conditions (TTO!) 
(see, for example, ^), we may assume that all pseudopolynomials Pj in (ITT1) 
are irreducible. Also, we can rewrite 0111) in the form 

F{z,,i'y^^\ w) = {z, - h{w)y^ ■■■iz^- hiw)Y^Giz^, i'y'^^\w), (12) 

where hn{w), n = 1, . . . ,k, are analytic multifunctions in some neighborhood 
U of the point u^'^\ 

Since the functions {F{s + iy\ ■ii'y''^\u)}u(m^ satisfy the condition of 
Lemma [2l we see that the number of zeros ti + ^2 + . . . + t^ is bounded from 
above uniformly in -u G M^ \ M. Since an increment of the amplitude of any 
linear multiplier along any segment is at most vr, we see that the functions 
I^{u) and I~{u) are bounded uniformly in m G M^. 

Furthermore, note that the discriminant dp{w) of a pseudopolynomial P 
of the form ([9]) is a holomorphic function in U. If P is irreducible, then 
dp{w) ^ (see, for example, [B]). Set 

Mi = {weU : F{-l/2,iy^^\w)F{l/2,iy^^\w)dp^{w) ■ ■ ■ dpXw) = 0}. 

By the Proposition, miv(Mi n M^) = 0. Take a point m^^) e (t/ \ Mi) n M^. 
Then there is a neighborhood Ui C C^ of ■u*^^-' such that for each point w E Ui 
every pseudopolynomial Pm{z,i'y^'^\w) has only simple zeros in zi E C. 
Hence for w E Ui representation (IT2l) holds with mutual different functions 
hn{w). We shall prove that each function A_i/2<x<i/2 arg='=(x + iy — hn{u)) is 
continuous at points of the set Ui fl M^. 

Note that F{±l/2 + iyf\i'y'^^\u'^^^) ^ 0. Hence for sufficiently small Ui 
the functions bn{w) take f/i to the set {zi : |a;i| < 1/2, \yi — yj | < 5}. Set 



b'^{w) = (b^w) + bniw))/2, bl{w) = {bn{w) - bn{w))/2l, 



Note that for all u G R we have h'^{u) = Rebn{u), b'^{u) = Im6„('u). 

If b'^{w) ^ yl ioi w E f/i, then, by the Proposition, ■mN{{w : b'^{w) = 
?/} } n M^) = 0. Hence for almost all points u E Ui D M^ the function 
xi + iyl — bn{u) does not vanish for xi G [—1/2, 1/2], then the functions 
A_i/2<xi<i/2arg+(xi+i|/i -6„(m)) and A_i/2<xi<i/2 arg-(a;i+i|/}° -6„(m)) 
are continuous and coincide almost everywhere on the Ui fl M.^ . 

Now consider the case b'^{w) = y{ ioi w eUi. Since the function b'^{u) 
is continuous in m, we see that the function xi + iyl — bn{u) = xi — b'^{u) 
of the variable Xi has exactly one simple zero for all m in a neighborhood f/2 
of a point u^"^^ G t/i fl W^ . Hence, A_i/2<a;i<i/2 arg"'"(a;i + iyi — bn{u)) = —n 
and A_i/2<a;i<i/2arg"(a;i + iyi - bn{u)) = n for all u G f/2. 

Since m^°^ is an arbitrary point of [0, 2tc]^ \ M, we see that the func- 
tions I^{u) and I~{u) are bounded and continuous almost everywhere in 
this cube. Therefore, these functions are integrable in the sense of Riemann 
over [0, 27r]^. 

Furthermore, by ([8]), we get 

F{s + iyf\i'y^'\ (/, x), . . . , (/x^, x)) = PUs,' 0) + x + zy^'^). 

Applying Lemma [H to the functions A_i/2<s<i/2 arg='= F(s + i|/| ,i'y'^'^\u), we 
obtain that the limits 

/n(p)(a,/3)^-i/2<^<i/2arg+P((s/0) +a; + iy(°))rfa; 

mm,{/3,-a,)^oo (/?i - ai)(/?2 - ^2) " " " {Pp " "p) 

and 

/n(p)(a/3)^-i/2<^<i/2arg"P((s/0)+x + i?/(°))rfa; 
lim — (14) 

mmj(/3,-aj)-.oo (/?i - ai)(/?2 - 02) " " " (Pp - Op) 

exist. Since the increments A_i/2<s<7 arg^ P((s,'0) + x + iy^^^) = 
A-i/2<s<7arg^ F((s,'0) + iy^^\ {fi^ , x) , . . . , {fi^ , x)) are uniformly bounded 
in s G M, X G MP, and —1/2 < 7 < 1/2, we see that the differences 



/•s+1/2 

arg=^P((s,'0) +x + 2?/(°)) - / arg=^P(x + z?/'^°))(ia;i 

is-1/2 



r-s + l/2 
s-1/2 

are uniformly bounded as well. Therefore, up to a uniformly bounded term, 
arg± PiiPi,' x) + iy^^'^) - arg± P((ai,' x) + iy(°)) 
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/3i+l/2 /•ai+1/2 

arg^ P{{xi,' x) + iy^'^^) dxi — / aig^ P{{xi,' x) + iy^^') dxi 

/3i-l/2 Jai-l/2 

= / A_i/2<,<i/2 arg± P((s/ 0) + a; + ^i/(°)) dxi. 

J ai 

Cosequently, ([2]) and ([3]) exist and equal flT3l) and flT^ . respectively. Theorem 
is proved. 
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